Dr. R. Vijayaragavan
Associate Professor of Mathematics

Thiruvalluvar University
Serkkadu, Vellore-632 115.



APPLIED NUMERICAL ANALYSIS



(Gaussian Elimination Method

A method to solve simultaneous linear equations
of the form [A][X]=[C]

Two steps

1. Forward Elimination

2. Back Substitution



Forward Elimination

The goal of forward elimination is to transform
the coefficient matrix into an upper triangular
matrix

25 5 1|[x] [106.8
64 8 1||x,|=|177.2
144 12 1| x| [279.2

25 5 1 %] [ 1068 ]
0 -48 -156]|x,|=|-96.21
0 0 07 ||x]| | 0735 |




Forward Elimination

A set of n equations and n unknowns
A Xy T A Xy + Xy +. A X, = b1

Ay X + AyoXy + 8yaXy + ...+ 8, X =D,

2n’'n

a. X +a,X +a. X, +...+a X =b

(n-1) steps of forward elimination



Forward Elimination

Step 1

For Equation 2, divide Equation 1 by a;; and multiply
by ayq

a
Lﬂ}(aﬂxl 81X, + 815X+t 8, X, = 1y)
11

Ay, Ay Ay
—ad X, +...+—a, X, = —b1
CH CH CH

a21)(1 +



Forward Elimination

Subtract the result from Equation 2.
8, X + AynX, + 8yaXy +...+ 8, X, =D,

2n“™n
d,q d,g d,,
— Ay X A X, +.o.+——a, X :_bl
1 A d
A,y A,y A,y
[azz __a12]X2 T "'+£a2n __aln)xn — bz -
Ay i i

or X, +..+8, X =D,



Forward Elimination

Repeat this procedure for the remaining equations
to reduce the set of equations as

Ay X + A X, + A 3X +. QX = bl
X, + 8paXs + ...+, X =D,

Az X, + Ag3Xy ...+ 85 X = b3

a,X,+a.X, +...+a X =h

End of Step 1



Forward Elimination

Step 2
Repeat the same procedure for the 3¢ term of
Equation 3.

Ay X + A, X, +a3X; +.. a4 X :bl
Ay, X, + 8,0X, +...+ 8, X, =D,

Aao Xy +..o+ 85, X =D,

a X, +..+a X =h

End of Step 2



Forward Elimination

At the end of (n-1) Forward Elimination steps, the system of
equations will look like

a, X, +a,X, +8,.X, +...+a, X, =b

1n “*n

Ay Xy + 8yaXs ...+ A, X =D,

BaoXsy +... + A X =D,

3n“™n

(h-1)

n

al" Uy =bh

End of Step (n-1)



Matrix Form at End of Forward

Elimination
d, &, dz - ., X 0
0 d,, dy3 d;, X, 0,
00 aés T a;n (1= B

0 0 0 0 a"™V|x | |[p™



Back Substitution

Solve each equation starting from the last equation

25 5 1 [x] [ 106.8"
0 -48 -156|x,|=|-96.21
0 0 07 |[x]| | 0735

Example of a system of 3 equations



Back Substitution Starting Eqns

A X; TaApX, +d Xy + ) X, =0
Ao Xy + Qg X +...+ A, X, =10,

AyoXy + .+ A X

|l
OOO:

a(n_l)x —

nn n -~ ™n



Back Substitution

Start with the last equation because 1t has only one unknown
b (n-1)
_Mn

— A(n-D)
ann

X

n



Back Substitution

b(n—l)
Kn = (D
b_(i—l) _ a_(i_—l)x_ _ a_(i_—l) X a_(i—1)x
Xi _ [ ,1+1 7Y+l E,I_JS 1+2 I,Nn n fori _ n—l,...,l
i
bi(i—l)_ an ai(ji—l)xj
X, = I fori=n-1,...1

(i -1)



(GGauss Elimination
Example



Example 1

The upward velocity of a rocket is given at three
different times

%
Table 1 Velocity vs. time data. i ' ,
| | 5 % L
Time, t(s) Velocity, v(m/s) & ‘%v ‘
5 106.8 B
8 177.2 |
12 279.2

The velocity data is approximated by a polynomaial as:

v(t)=at® +at+a,, 5<t<12

Find the velocity at t=6 seconds .



Example 1 Cont.

Assume
vit)=at®+a,t+a,, 5<t<12.

Results in a matrix template of the form:

t7 t, 1|[a, | [v,]
t2 t, 1||a, |=]|V,
t; t; 1f|las| |Vs)

Using data from Table 1, the matrix becomes:
(25 5 1 a, (106.8 |
64 8 1||a, |=|1/7.2
1144 12 1|| a, | 279.2 |




25
64
144

11[a,] [1068]
1||a, |=|177.2

1||a, | |2792

m—

Example 1 Cont.

25 5 1
64 8 1
144 12 1

1. Forward Elimination
2. Back Substitution

106 8"
177 2
2792




Forward Elimination



Number of Steps of Forward
Elimination

Number of steps of forward elimination is

(n—1)=(3-1)=2



‘Forward Elimination: Step 1

Divide Equation 1 by 25 and

25 5 1
64 8 1
144 12 1

25 5 1

106.8 |
177.2
279.2

106.8|x2.56 = [64 12.8 2.56

Subtract the result from

Equation 2

Substitute new equation for | |

Equation 2

L 64

multiply 1t by 64,— =2.56
25
273.408]

64 8 1 177.2]

—[64 128 256 273.408]

0 -48 -156 —96.208]

(25 5 1 106.8

~-48 -156 : —96.208

144 12 1 279.2 |




Forward Elimination: Step 1 (cont.)

25 5 1 1 1068 nivide Equation 1 by 25 and
0 -48 -156 @ —96.208 S
25 5 1 : 106.8|x5.76=[144 28.8 576 : 615.168]
Subtract the result from 144 12 1 279.2]
Equation 3 ~[144 288 576 615.168]
0 -16.8 -4.76 —335.968]
Substitute new equation 2 € 1 106.8
for Equation 3 0 -48 -156 —96.208
|0 -168 -4.76 : -335.968




Forward Elimination: Step 2

25 5 1 106.8 | Divide Equation 2 by —4.8
0 -48 -156 : -96.208 | and multiply it by —16.8,
0 -168 -476 : -335.968] —16.8 .
—4.8

0 -48 -156 @ —96.208|x35=[0 -16.8 —546 : -336.728]

0 -16.8 —4.76 335.968
Subtract the result from x |
Equation 3 —__o ~16.8 -5.46 : —336.728]

0 0 07 0.76]
Subst: - 25 5 1 106.8 |
u stl.tute new equation for 0 -48 —156 _06.208
Equation 3

0 0 07 0.76




Back Substitution



Back Substitution

25 5 1 11068 [25 5 1 J[a] [ 106.8 ]
0 -48 -156 @ -962(=|0 -48 -156]|a,|=|-96.208
0o 0 07 : 07| |0 0 07 |la] | 076 |

Solving for a,

0.7a, =0.76
0.76
a,=——0
0.7

a, =1.08571



Back Substitution (cont.)

25 5 1 [a,] [ 106.8 ]
0 -48 -156/|a,|=|-96.208
0 0 07 ||a 0.76

Solving for a,
—4.8a, —1.56a, = -96.208

—96.208+1.56a,
a2 =
4.8
—96.208 +1.56 x1.08571
%= 4.8

a, =19.6905



Back Substitution (cont.)

25 5 1 [a] [106.8
0 -48 -156| a,|=|-96.2
0 0 07 |la| | 076

Solving for a,

253, +5a, +a, =106.8
- 106.8-5a, —a,
25

- 106.8-5x19.6905-1.08571

25
=0.290472



Gaussian Elimination Solution

25 5 1][a, | [1068
64 8 1||a,|=|1772
144 12 1||a,| |2792

a, | [0.290472
a, |=| 19.6905
a, | | 1.08571




Example 1 Cont.

Solution ‘a, | [0.290472]
The solution vector 1s d, | = 19.6905
a, | | 1.08571

The polynomial that passes through the three data points is then:
v(t)=at®+a,t+a,
=0.290472t* +19.6905t +1.08571, 5<t<12

v(6)=0.290472(6)’ +19.6905(6)+1.08571
=129.686 m/s.



Gauss-Seidel Method



Gauss-Seidel Method

An iterative method.

Basic Procedure:

-Algebraically solve each linear equation for x;
-Assume an initial guess solution array

-Solve for each x. and repeat

-Use absolute relative approximate error after each iteration
to check 1if error 1s within a pre-specified tolerance.



Gauss-Seidel Method

Why?

The Gauss-Seidel Method allows the user to control round-off
error.

Elimination methods such as Gaussian Elimination and LU
Decomposition are prone to prone to round-off error.

Also: If the physics of the problem are understood, a close
1nitial guess can be made, decreasing the number of iterations
needed.



Gauss-Seidel Method

Algorithm

A set of n equations and n unknowns:

_ If: the diagonal elements are

G T Eply T Ehpy e Bty = b2 Rewrite each equation solving

for the corresponding unknown

eXx.
anlxl + an2X2 + an3X3 Tt anan = bn . :
First equation, solve for x,

Second equation, solve for x,



Gauss-Seidel Method

Algorithm

Rewriting each equation

X . Cl - a12X2 - a13X3 ...... - aln Xn . From Equation 1
L=
djy
C,—a, X, —ad,X,...... —a, X .
X, =—+—=21 233 nn From equation 2
ayy
X = Coi—™ a-n—1,1X1 o an—l,ZXZ ------ o an—l,n—ZXn—Z o an—l,nxn « From equation n-1
n-1 "~
Ay g1
C.—a . X —a, X, —...... —ad X < .
X —_n TnTl  Tn27e n,n-17n-1 From equation n



Gauss-Seidel Method

Algorithm

General Form of each equation

n n
¢y —Zaljxj Cn-1 ™ Zl: 1%
j=1 =

Xl _ j#1 Xn_]_ — j=n-1
all an—l,n—l
n
n
Cp — D apyX
j=1 =
j#2 . J#N
X, = X =
a22 ann



Gauss-Seidel Method

Algorithm

General Form for any row 1’

n
=1

X = i i=12..n.
a.

How or where can this equation be used?



Gauss-Seidel Method

Solve for the unknowns

Assume an 1nitial guess for [X]

X
X2

Use rewritten equations to solve for
each value of x;.

Important: Remember to use the
most recent value of x.. Which means
to apply values calculated to the
calculations remaining 1n  the
current iteration.



Gauss-Seidel Method

Calculate the Absolute Relative Approximate Error

new _old
_ | % x100

new

X.

<.l

So when has the answer been found?

The iterations are stopped when the absolute relative
approximate error 1s less than a prespecified tolerance for
all unknowns.



Gauss-Seidel Method: Example 1

The upward velocity of a rocket is
given at three different times

Table 1 Velocity vs. Time data.

Time, t (s) | Velocity v (m/s)

3 106.8
8 177.2
12 279.2

The velocity data is approximated by a polynomaial as:

v(t)=at’+at+a,,5<t<12.



Gauss-Seidel Method: Example 1

Using a Matrix template of the form |7 t, 1([a, | [v,
t22 L, 2 [=| Va2
_t§ |® L8] [Va]
25 5 1][a,] [106.8]
The system of equations becomes | 64 g 1|[a, |=|177.2
144 12 1)|a,| |279.2

1
Initial Guess: Assume an initial guess of | &, | = 2
5



Gauss-Seidel Method: Example 1

Rewriting each equation

- 106.8-5a, —a,
25

a

25 5 1|[a,] [106.8]
64 8 1|la,|=]177.2 a, _177.2-648, -3,

144 12 1|a,| [279.2 8

~ 2719.2-144a, —123,
1

d;



Gauss-Seidel Method: Example 1

Applying the initial guess and solving for a;

o] [1] :106.8—25é2)—(5) s
a, |=|2
a 5 _ _
] Lo a2=177'2 64(3.6720) (5):_7.8510
Initial Guess 8
a, 279.2—144(3.67io)—12(—7.8510) G

When solving for a,, how many of the initial guess values were used?



Gauss-Seidel Method: Example 1

Finding the absolute relative approximate error

—155.36

X_new . X_old
‘Ea i — I XI‘]BWI X].OO
i

.|, = ‘3'6720 _1'0000‘x100 =72.76%

1 3.6720
e, =|- (e =200 x100 =125.47%

2 —7.8510
e, = ‘_155'36 —5.0000‘)(100 =103.22%

At the end of the first iteration

a, | [ 3.6720
| =|-7.8510
a,| |-155.36

The maximum absolute relative
approximate error is 125.47%



Gauss-Seidel Method: Example 1

Iteration #2
_Usimg_ - the values of a; are found:
a, 3.6720
a, | =|—7.8510 ] = 106.8 —5(-7.8510)-155.36 _ S
a, | |-155.36 £
from iteration #1
8, = 1772~ 64(12.056)-155.36 _ ., oo,
8
a = 279.2—144(12.0?6)—12(— 54.882) _ 00



Gauss-Seidel Method: Example 1

Finding the absolute relative approximate error

12.056 — 3.6720 At the end of the second 1teration

<.l :‘ 12.056

‘XlOO =69.543%

a, | [ 12.056
a, |=|-54.882
el :‘—54.882—(—7.8510)‘)(100 5 605% o | |-70854

—954.882

The maximum absolute relative

—798.34 —(—155.36 approximate error is 85.695%

""3:‘ —798.34

)‘X100 =80.540%



Gauss-Seidel Method: Example 1

Repeating more iterations, the following values are obtained

lteration a, €,|, % 3 €, |, % a; Sq 3%
1 3.6720 72.767 —7.8510 |125.47 —155.36 | 103.22
2 12.056 69.543 —54.882 | 85.695 —798.34 | 80.540
3 47.182 74.447 —255.51 | 78.521 —3448.9 | 76.852
4 193.33 75.595 —1093.4 | 76.632 —14440 | 76.116
5 800.53 75.850 —4577.2 | 76.112 —60072 | 75.963
6 3322.6 75.906 —19049 | 75.972 —249580 | 75.931

Also, the solution is not converging to the true solution of

Notice — The relative errors are not decreasing at any significant rate

0.29048 |
19.690
| 1.0857 |




THE END



