B.Sc. Mathematics: Syllabus (CBCS)

PAPER - 10
STATICS

OBJECTIVES

This course introduces the students the basic concepts of forces, moments, couple,
friction law virtual displacement and work, catenary and the centre of gravity and kinematics.
This course stresses the development of skills in formation of suitable mathematical models
and problems solving techniques.

UNIT-1I

Forces, Type of forces- Resultant of three forces related to triangle acting at a point -
Resultant of several forces acting on a particle - Equilibrium of a particle under three forces -
Equilibrium of a particle under several forces - Limiting Equilibrium of a particle on an
inclined plane.

UNIT- 11

Moment of a forces- General motion of a Rigid body- Equivalent system of forces —
Parallel forces- Forces along the sides of the triangle.

UNIT- I
Couples- Resultant of several coplanar forces — Equation of line of action of the
resultant — Equilibrium of a rigid body under three coplanar forces.

UNIT - IV
Reduction of coplanar forces into a force and a couple — Friction — laws of friction —
cone of friction and angle of friction — Applications involving frictional forces.

UNIT -V

Center of mass — Center of mass of a triangular lamina — Three particles of same mass -
Three particles of certain masses — uniform rods forming a triangle — lamina in the form of a
trapezium and solid tetrahedron — Center of mass using integration — circular arc — circular
lamina — elliptic lamina — solid hemisphere — solid right circular cone — hemispherical shell —
hollow right circular cone.

Recommended Text
P. Duraipandian, LaxmiDuraipandian ,MuthamizhJayapragasam, Mechanics, 6-¢,

S. Chand and Company Ltd, 2005.
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UNIT -1

FORCE
Definition:

A Force is any interaction that, when unopposed will change the motion of an object.

TYPES OF FORCES
e Earth Gravitation
e Tension
e Reaction and
e Resistance

RESULTANT FORCE

Let F and F,be two forces acting on a particle then F, +F, is called resultant force of

F and F,.
NEWTON’S LAW OF MOTION
FIRST LAW
A Particle remains at rest or in a state of uniform motion in a straight line unless acted on
by on impressed force
SECOND LAW
The Rate of change of momentum of a particle is proportional to the impressed force and

it is in the direction of force.



NOTE

LINEAR MOMENT

Let m be the mass of a particle and V be the velocity then mV is called linear
momentum or momentum.

By 2" Law

Rate of change of momentum is proportional to impressed force

..d = —
m)a{mr] a F

For a unit force
For F=1, m=1, a=1
=>K=1
~ma=F
THIRD LAW

To every action there is an equal and opposite reaction.



Problem: 1

To find the magnitude and direction of the resultant force of El and F»

Let E{ and F be two forces of a particle and El +F2 be its resultant force.

Let & be the angle between Eland [=

Magnitude Resultant Force ‘El + Ez‘

= JFeF, + FoF, + FyoF, + F,oF,

:\/El2+2731-€_+€2 since asb =|alsb

(017

Here \E1+E2'\= E’+F, +2F.-F, cosa
(OR)
- = =2 =2 o
‘F1+F2‘ = Fl +F2 +2F1-F2 COSa
Let ¢ be the angle between F, and F, +F,
|axb|

tang = i (formula)

ae



(FxF)+(FxF)

FXF
" (R (R

since aXb :‘5“5‘ sing

_ |0+(FF,; sina)
~ F+(RF, cosa)

FF, sina

t _
an ¢ F.(F+F, cosa)

=tan F, sina
(R+F, cosa)

N—

Corollary:
Suppose Ifl and If2 have same magnitude (say F) then

Put F,=F,=F

E+€‘= \/Elz +F, +2F.+F, cosa

= \/F2+F2+2cmosa

= \/2F2 +2F?%cosa
\2F2(1+cosa)

1+cos2¢
2

We know that cos® ¢ =

Put ¢=% and Zcosz%=1+cow

= \/ZFZ-ZCOSZ (gj
2




=2F cos (gj
2

Fsina j

Also $= tan‘l(—
F+Fcosa

_tan? Fsina J

F(1+cos«)

sin % cos%

2 cos? &
2

=tan™

By sin2A =2sin Acos A and put A:%

:>sina=23in% cos%
= -1 o
tan™"(tan A)

-2

Problem: 2

To resolve a force F into components in two given direction.

o
)

Let e, and e, be unit vectors in two given direction

Let o be the angle between e, and F |



Let B be the angle between F and e,
. F can be expressed as
F =ae, +be, 1)
Multiply e, on both sides.
eXF=a(exe)+b(exe,)
We know that 5X5=‘5H5‘ sing x

& X‘E‘Sinax:a(0)+b ele,|sin(e+B)x , since iXi=0

F Sinax=bsin(a + B)x

F sina

sin(e+ )
Multiply e, on both sides.
e,XF =a(e,xe,)+b(e,Xe, |
We know that éxB:\éHB\ sing x

) )

X ‘E‘sinﬁ(—x):a

el‘sin(a+ ,B)(—x)+b(0)

F Sin B (-x) =asin(a + £)(—X)

F sin g _a
sinf@+ )

*. Equation (1) becomes

Fsing - Fsina -

E: - €1+ — €2
sin(a + ) sin(a + f)




Problem 3: If the resultant of two forces meeting at a point with magnitudes 7 and 8 is a force

with magnitudes 13, find the angle between the two given forces

13

Solution:

We know that
The Magnitude of resultant force is ‘El + EZ‘Z =F +F, +2F.F,cosa
The resultant of 7 and 8 is

‘El + EZ‘ =13

(13)* = (7)* +(8)* + (2)(7)(8) cos
169=113+112 Cos«
112cosa =169-113

112cos o =56

56
cosa=——
112

CoOSa =



S o =C0s (1) =60°
2

Problem 4: If the resultant of forces 3P, 5P is equal 7P.
Find i) Angle between two forces,

i) The Angle which the resultant makes with the first force
Solution:

We Know that

Part: 1

The Magnitude off Resultant force is
—  —2 —2 —2 @ — —
[F+F| =F +F, +2F-F,cosa
The resultant of 3P and 5P is 7P.

Then
[F+F|=7P
(7P)* =(3P)* +(5P)* + (2)(3P)(5P) cos

49(P)* = 9(P)* + 25(P)* + (30)(P?) cos



Now =+ P2 —=49=34+30cosa

30 cosa=49-34=15

15
cosa =_—
30

cosa =
S o =C0S* (lj =60
2

The angle between resultant and find force is

¢:tanl( F,sina ]

F +F,cosa

_tan 5Psina
3P +5Pcos60°

5PJ§§

3P +5P(1)

5PJ§{

6P+5P,

5P/3

11)2{ J Cancel P

53
N

Part: 2

=tan™

=tan*

=tan™

¢= tanl(



Problem 5:

The Magnitude of the resultant of two given Forces P, Q, is R. If Q is Doubled, then R is
doubled. If Q is reversed then also R is Doubled, Show that P:Q:R = ﬁ\@ﬁ
Proof:
We Know that, The magnitude of Resultant force is
F+F| =F +F +2FF cosa

Given the resultant of P,Q isR

‘Eﬁfz‘: R
F=p
F.=Q
2 _ p2 2
R°=P +Q°+2PQcosa 1)
If Q is Doubled, R is Doubled
‘Eldrfz‘: 2R
F=p
F.=2Q
(2R)? = P? +(2Q)* + 2P(2Q) cos
(4R?)= P2 +4Q%+4PQcosa )

If Q is reversed, Then also R is doubled

‘€+E2‘= 2R
P

F =
F=-Q

(2R)*= P? +(-Q)* + 2P(-Q)cos &



(4R%)= P* +Q*-2PQcosa ®3)
(L)+(3)=>

P> +Q%+2PQcosa = (R?)
P?+Q*-2PQcosa = (4R?)

(2)+(2X(3))=>

2P? +2Q* - 4PQcosa = (8R?)
P? +Q* -2PQcosa = (4R?)

3P% +6Q° = (12R?)
+3
P? +2Q? =(4R*)———— - ———— (5)

Solve (4) and (5)

(4)-(5) = 2P? +2Q* =5R?
P? +2Q% =4R?

Put P> =R?in (4)

2(R?)+2Q? =5R?
2Q? =5R? —2(R?)
2Q% =3R?

2 3 2
=°R
=3

PZ:QZ:Rzsz:ng:R2
=2R?:3R?*:2R’
P?:Q*:R*=2:3: 2

P :Q :R :\/5:\/5: J2



Hence the Proof
Problem 6: The Resultant of two force P,Q, is R, If P is doubled, then R is doubled. If Q is
doubled and reversed, then also R is doubled. Show that P:Q:R=+/6:/2:/5
Proof:
We Know that , the magnitude of Resultant force is
—  —2 —2 @ —2 @ — —
[F+F| =F +F, +2F-F,cosa
Given the resultant of P,Q is R

E+E2‘:

| n
[

R
=P
, =Q
R’= P2 +Q%+2PQcosa 1)

If P is Doubled, R is Doubled

~|R+F|=2R

F =2P
F=Q

(2R)? = (2P?) +(Q)? + 2(2P)(Q) cos &

(4R%)= 4P* +Q’ +4PQcos (2)
If Q is doubled, Then also R is also doubled

~|R+F|=2R
F=P
F.=20

(4R)* = P? + (4Q)* +4PQcos (3)



If Q is Reversed, Then also R is Doubled then

~|R+F|=2R
F =P
F.=-Q

(2R)? = P? + (-Q)* + 2P(-Q) cos
(4R?*)= P? +Q* - 2PQcos & (4)
Solve Equation (1), (2) and (3) then we get

P:Q:R:\@:ﬁ:\@

Problem 7: Two equal forces are implined at an angles magnitude of there resultant is 3 times

the magnitude of resultant when the forces are inclined at an angle 2¢4. S.T cosé =3cos ¢

Proof:

We Know that, the magnitude of the Resultant force is

|F+F,| =R’ +F+2FF,cos2

Given the Magnitude of two equal forces at angle 26= 3{times Magnitude at angle)

.'.\/PZ +P2+2P%cos@ =3\/P2 +P%+2P?cos¢

J2P? +2P? c0s 20 = 3,/2P? + 2P? c0s 2¢)

J2P?(1+c0s 26) = 3,/2P?(1+ cos 2¢9)

J2P?(2co0s? 6) = 3,/2P?(2c0s? ¢)
2P cosd =3(2Pcos ¢)

cos @ =3cos ¢



Problem 8: The Resultant of two Forces of Magnitudes P and Q acting at a point as Magnitudes

(2n+1)4P?+Q* and (2n-1)yP?+Q* When the forces are inclined at aand 90° -«

respectively. S.T tana = n-1
n+1

Proof:

We Know that, the magnitude of the Resultant force is

‘E1+E2‘ = JF? +F2+2FF, cos2

Since the Resultant of Magnitude of P and Q is (2n+1)y/P* +Q? atan angle «

JP?+Q% +2PQcosa = (2n+1)y/P’ +Q*
Solving on both sides
(P*+Q?)+2PQcosar = (2n+1)°,[P? +Q°
2PQcosa = (4n*+4n+1)(P*+ Q%) - (P*+Q?)
= (4n*+4n+1-1)(P*+ Q%)

2PQcosa = 4n(n+)(P*+Q*) ————— (1)

Also given the Magnitude of P and Q is (2n—1)y/P?+Q? atan angle 90" —

JP?+Q% +2PQcos(90—a) = (2n—1)y/P? +Q?

JP?+Q%+2PQsina = (2n-1),/P? +Q’

Squaring, we get
P2+Q%+2PQsina = (2n-1)?(P?+Q?)

2PQsina = (4n*—4n-1)(P*+ Q%) — (P*+ Q%)



2PQsina = (4n°-4n-1+1)(P*+Q?)
2PQsina =4n(n-1)(P*+ Q%) —————>(2)
(2)+(@)

2PQsina =4n(n-1)(P*+Q?%)
2PQcosa = 4n(n+1)(P*+ Q%)

n-1
tana = ——
n+1

Problem 9: The Magnitude of resultant of the forces Eland Ezacting on a particle is equal to

the Magnitude El , when the first force is doubled, S.T the new resultant is perpendicular to EZ .

Proof:
Given,
The Magnitude of El and Ez = Magnitude of El
A
- e

(F+F,).(R+F)=(F.F)

F.F+F.F,+F.F+(F,.F,)=F.F
FF+EF+(FF)=0
2F.F, +(F,F,)=0

(2R +F,)F, =0

2ﬁ+E2 is Perpendicular to Ez



.. The Resultant is Perpendicular to Ez

Problem 10: The resultant of two forces P,Q is of Magnitude P. Such that if P is double, the

new resultant is perpendicular to the force Q and its Magnitude is 1/4P? —Q?
Solution:
Given the resultant of P,Q=magnitude of P

ie)  |P+Q| =[P
= [P+Q =[P
(P+Q)(P+Q) =P?
PY+PQ+QP+Q% = P7

P.Q+P.Q+Q.Q0=0
2P.0+0Q.Q =0 1)
(2P +0).0 =0

The resultant of 2Pand Qis L r to Q

The Magnitude of new resultant is (The resultant of 2P and Q)=|2P + Q|

ie) [2P+Q[ =(2P+Q).(2P+Q)
= (2P+Q).2P+(2P+Q).Q
= (2P.2P)+Q.2P
= 4P+ 2P.Q
— 4P? —Q.Q (From (1))

Since

2PQ+QQ=0
2P.Q=-QQ



:4P2 _Q2

2P +Q|=4/4P* -Q?

Problem 11: If two Force P,Q acting at a force is such that there sum and difference are

perpendicular to each other. S.T P=Q
Proof:
The Sum and difference of two forces
P,Qis P+Qand P-Q
Since sum and difference are perpendicular to each other
(P+Q)(P-Q)=0
PP-PO+Q3P-0Q=0
P2- BG + PG -Q* =0
P2-Q*=0
P2 =Q?
P=Q

WEIGHT: OF ABODY
Definition: The force of attraction of the earth on a body is called Weight.
TENSION OF A FORCE:

Definition: Tension is the State of beings Stretched tight.



HOORE’S LAW
Tension of an elastic (body) string varies as the ratio of the extension of string beyond its natural
Length.

Extension
NaturalLength

ie. Tension=A

Where A is called coefficient of elasticity.

LIMITING FRICTION
Definition: The maximum Friction that can be generated between true static surfaces in contact
each other, is called Limiting Friction. It is denoted by F.
EQULIBRIUM OF A PARTICLE FORCE:
The resultant of the forces acting at a point is 0(Zero) then the Force are said to be Equlibrium.
NOTE:
When three Forces acting on a triangle ABC
i)AB+BC+CA=0
ii) If M is the Midpoint of BC

Then



m:%(A—BHTC)

%(Eﬁﬁ)
BC,CA, AB,
BC.CA AB

F =F,BC+F,CA+F, AB

JF+F2 + F? - 2F,F, cos A— 2F,F, cos B— 2FF, cosC

AB.AB =BC.BC =CA.CA=1

ii=1

2

F| =FF

— (F,BC+F, CA+F, AB).(F, BC+ F,CA+ F, AB)

— F2+ F,F, BC.CA.+ F,F, BC. AB+ F,F, CA.BC

+F24+ F,F,CA.AB.+ F,F, AB.BC+ F,F, AB.CA+ F2

=F*+F’+F’+ F,F, cos(180° - C) + F,F, cos(180° — B) + F,F, cos(180° - C)

+F,F, cos(180° — A) + F,F, cos(180° — B) + F,F, cos(180° — A)

=F’+F+F’—FF, cosC — F,F, cosB- F,F, cosC — F,F, cosA- F,F, cosB- F,F, cosA

=F’+F +F - 2F,F, cosA- 2F,F, cosB- 2F,F, cosC
[F|= /R’ +F +F - 2F,F, cos A 2F,F, cos B— 2FF, cosC




Problem:
Forces of Magnitude F,F, F, act on a Particle. If their direction are parallel to BC,CA, AB,

Where ABC is a triangle show that the Magnitude of their resultant is

JFZ +F2+F2 - 2F,F, cos A— 2F,F, cos B - 2F,F, cosC

Let BC,CA, AB are the unit vector along BC,CA, AB
Let F be the Magnitude of the resultant. Then
F =F, BC+F,CA+F, AB

The Magnitude of the Resultant is



AB.AB = BC.BC =CA.CA=1

F[ =FF
— (F,BC+F, CA+ F, AB).(F, BC+F, CA+ F, AB)
—F2+ FF, BC.CA.+ FF, BC.AB+ F,F,CA.BC
+F2+F,F,CA.AB.+ F,F, AB.BC+F,F, AB.CA+ F2
=F+F+F’+ F,F, cos(180° —C) + F,F, cos(180° — B) + F,F, cos(180° - C)
+F,F, cos(180° — A) + F, F, cos(180° — B) + F,F, cos(180° — A)
=F*+F +F - FF, cosC - F,F, cosB- F,F, cosC — F,F, cosA— F, F, cosB— F,F, cosA

=F’+F+F/ - 2F,F, cosA- 2FF, cosB- 2F,F, cosC

|F| = /R + F + F} - 2F,F, cos A 2F,F, cos B—2F;F, cosC

Problem: There Forces of equal Magnitudes P act on a Particle. If their directions are parallel to

the sides BC, CA, AB of a triangle ABC. S.T the Magnitude of their resultant

P\/3-2cos A—2cosB —2cosC

Solution

Since three forces have equal magnitude P.

Let BC, CA, AB be the unit vectors along BC, CA, AB



180-B

F=PBC+P CA+P AB
The magnitude of their resultant is
F|=(PBC+P CA+P AB):(PBC+P CA+P AB)

=3P? + P2 cos(180 - C) + P? cos(180 — B) + P? cos(180 - C) +
P? cos(180— A) + P? cos(180 — B) + P? cos(180 — A)

=3P? — P?cos(C) — P? cos(B) — P? cos(C) + P? cos(A) + P? cos(B) + P? cos(A)

\E\ = 3P2 —2P2 cos(A) — 2P2 cos(B) — 2P? cos(C)

F =./P?(3-2cos(A) - 2cos(B) - 20s(C)) ©

= P,J(3—2cos(A) - 2cos(B) - 2cos(C))

We know that The magnitude of resultant of three forces is

F =R + F2+F} - 2F,F, cos A~ 2F,F, cos B- 2F,F, cosC
Since the magnitude of the three forces is P

ie) Fl:P,Fzzp,F3:P’

E:\/P2 +P?+P?*—2PPcos A—2PP cos B—2PP cosC



E:\/P2(3—2cos A—2cosB-2cosC)

F =P,/(3-2cos(A) - 2cos(B) — 2cos(C))

Problem: Three forces acting at a point are parallel to the sides of a triangle ABC, taken in

order and in magnitude there are proportional to the cosines of the opposite angles such that the

magnitude of the resultant is proportional to ~/1—8cos Acos B cosC

Solution:

Let P,Q,R be the three forces acting parallel to the sides of a triangle ABC
Given magnitude are proportional to the cosines.

ie) Pa cosA= P=KcosA
Q acosB=Q=KcosB
RacosC=R=KcosC

We know that , the magnitude of resultant of three forces is

F = JF? +F2+F? - 2F,F, cos A— 2F,F, cos B- 2F,F, cosC
Since the magnitude of the three forces is P

ie) F1=P,F2=Q,F3=Rl

F = /P2 +Q?+R?—2QRcos A— 2PR cos B— 2PQcos C



= K?cos® A+ K?cos? B+ K?cos’C—2K?cosBcosCcos A
—2K? cosA cosC cos B— 2K 2 cos Acos B cosC

F =+/K2cos? A+ K2 cos? B+K?2cos? C —6K2cos BcosC cos A

F :\/Kz(cos2 A+ cos’ B +cos’ C —6¢os B cosC cos A)

F= K\/(cos2 A+ cos® B +cos® C —6c0s B cosC cos A)

F= K\/1—2cos B cosC cos A—6cos BcosC cos A)

F = K+/1-8cos B cosC cos A (OR)

F a+/1-8cos BcosC cos A

Problem:

The Sides BC, CA, AB of a triangle ABC are bisected in D,E,F, Such that the forces represented
by DA, EB, FC are in equilibrium.

Solution:

Let the forces through the centroid. Since D is the midpoint of BC
_ 1 — —
AD = > (AB + AC)

_ng(ﬁ_cﬁ) since AD = _DA



BE - (BC+BA)
=%(ﬁ—ﬁ) since EB = —BE
]
EB =~ (BC - AB)
Also F is the midpoint of AB
. 1 — —
CF = (CA+CB)
:%(ﬁ—ﬁ) since CA=—AC

ﬁ:_%@_@
ﬁ\@w—cz_%(ﬁ_mﬁ_m@_@
=0

The force DA, EB, FC are in equilibrium resultant of several forces acting at a particular.

RESULTANT OF SEVERAL FORCES ACTING ON A PLAN

Problem:
Fine the resultant of coplanar forces using their components

Solution



.. the resultantis R=F, +F, + F, +..+ F,

Taking dot product with i
ReT=FeitFrisFris tFel
Rcos& =F cosé, +F,cosd, +...F, coso,
Rcosd = X (Say) ---------=-==mmmmmmmmmmme- (1)

where X =F, cosé, +F, cosé, +...F, cosé,

also Taking dot product with ]

R. J=F- J+F; j+E3-T+...+ Fn-T

Rsin@=Fsing, +F,sin g, +...F, cos 6,

RSING=Y (S@y)-----m-rmmmremmmemmmeemmmenncenas

Where Y = Fsinég, +F,siné, +...F, cos 9,

¥



(0 +(2)
R%cos? 0+ R?sin?@=X?+Y?
Rz(cos2 6’+sin29): X24Y?
R*=X?+Y?

R=+vX?+Y?

Now angle between forces

tang=2 = Gztanl(X]

X X
Problem :
Five forces acting at a point are represented in magnitude and direction by the line joining the
vertices of any pentagon to the midpoint of their opposite side. Show that there are in
equilibrium.

Solution:

Let AB,BC,CD, DE, EF be the sides of the pentagon and A’,B’,C’,D’,E’ be the midpoints of

the opposite sides.



Let AB=a,BC =b,CD=c,DE =d,EF =¢

Since A’ is the midpoint of opposite side of A
AN ABARE AN At 1=
AA:AB+BC+CA=a+b+Ec

B—y:ﬁ+ﬁ+a—y:5+a+%a

D—n:ﬁ+ﬁ+m:a+a+%a

EE':a+m+@=a+a+%5

Now,

:2<§1+E+25+9+ZE+E+28+9+2§+E
2 2 2 2 2

RN

2 2 2 2 2
zg(a+5+5+a+é)

~>(0)since a+b+c+d+e=0

..AA'+BB'+CC'+DD'+EE'=0
.". The five forces are in equilibrium.

Problem:

_— — — — —

The Forces ending at point represented magnitude and direction by AB,2BC,2CD, DA, DB ,

where ABCD is a square such that the forces are in equilibrium.



Solution:

Let AB=a, BC=b
Now AB+2BC+2CD+ DA+ ﬁ=5+25+2(—5)+(—5)+(—5+5)
—a+2b-2a-b-b+a
=0
Therefore the forces are in equilibrium.
Problem: Let P,2P,3P,4P,2+/2P acting along the sides AB,BC,CD,DA and AC of the square

A,B,C,D acting at a point. Such that the forces are in equilibrium.

Solution:



A P B

Let P,2P,3P,4P,2+/2P be the forces acting along the sides AB,BC,CD,DA and AC

The forces acting horizontally

X =Pcos0" +3Pcos180° + ZﬁP cos45°

—P-3P+2x3 P/ %)
= -2P+2P
-0

Similarly the forces acting along vertically

Y =2P —4P + 24/2Psin 45°

—2P 4P+ 22 P/ 3)

=—-2P+2P
=0

Therefore the forces are in equilibrium

The resultant is

R=vX?+Y2=40=0



EQUILIBRIUM OF A PARTICLE UNDER THREE FORCES.

Triangle law of forces:

If three forces acting on a particle can be represented in magnitude and direction by the
sides of a triangle taken in order then the forces keep the particle in equilibrium.
Polygon law of forces:

If several forces acting on a particle can be represented in magnitude and direction by the
sides of a polygon taken in order, then the forces keep the particle in equilibrium.
Problem:
State and prove laming theorem.

Statement:
If a particle is in equilibrium under the acting of three forces P,Q,R then show that

P Q

sing sing siny

where & is the angle between Q and R, [ is the angle between R and

P and ¥ is the angle between P andQ.

Proof:



P

If a particle is in equilibrium under action of three forces

= The resultant of three forces is zero

Multiply P on both sides
PXP+QXP+RXP =0 since aXb :\éHB\sin Ox
Let x be the the unit vector L r to three forces
P2 sir0 + PQsinyx + PRsin (~x) =0
PQsinyx—PRsin fx=0

PQsin yx =PRsin gx

PQsinyx = FRsin Bx

Qsiny=Rsin g



Q R

sin g _siny

e e )

Taking Cross product by Q in (1)
PXQ+QXQ+RXQ=0

QPsin y(-x)+Q? sin¥ +QRsinax =0
—QPsin ;/X’IQRsin ax=0
QPsin yx/;QRsin ax
Psiny =Rsina

P R
sina siny

il liiié )

From (2) and (3)

P Q R
sina sinf  siny

Problem:
Let El EZ E are the three force of a particle

Since the forces keep the particle in equilibrium

Let x be the unit vector perpendicular toEl and EZ
— xsF1 =0 and xsF, =0
Taking dot product by Xwith (1)

Hence all the three forces are coplanar



x-(F1+ F,+ F3):0
(x-E1 + x-Ez + XE) =0
(0+0+xF,)=0
xsF, =0
:>E3 iIsLr tox
Hence all the three forces are coplanar.
Problem:

If I is the incentre (orthocenter) of a triangle ABC if the forces of the magnitude P,Q,R acting

: . —_ P Q R
along the bisectors IA, 1B, IC are in equilibrium such that = =
A B C
cos A cos A cos /2

Solution:
The forces P, Q, R act at I and in equilibrium

By lami’s theorem




P Q R
sinBIC sinCIA sin AIB

e (1)

In Tringle BIC

E+9+ BIC =180"
2 2

BIC =180 —(E+EJ

SinBIC = Sin{180° —(E+E

2 2
"(z+3)
=sin| —+
2

=sin (90“’ - éj
2

SinBIC = cos(?j

N

N
N—
L 1

since sin(180° —#) =sin @

N O

Similarly

sinCIA = Sin| 180° —(é+9j
2 2

And



From the above Equation (1) Becomes

P _Q _ R
cos A/Z cos 5/2 cos%
Problem:
If 1 is the incentre of a triangle ABC if the forces IA,IB, IC acting at Iare in equilibrium . Such
that ABC is an equilateral triangle.

Solution:

The forces IA,IB,IC at [ and are in equilibrium.



By Lami’s theorem

In a triangle AIE

In a triangle BIF

In a triangle CIF

(1)becomes

P Q R

sinBIC _sinCIA _sin AIB

Bl C

Al |
cos % ) cos % ) cos%

. A IE r
Sin—=—=—
2 Al Al
r
Al =
Siné
2
sinB- "
2 BI
BI = rB
Sin—
2
SinE:L
2 CI
r
Cl =
Sing
2
r r




sin2A=2sin Acos

Put A=2>
sinx . X
——— =sin=cos X
2 2
2r 2r 2r
= — =— =—
sinA sinB sinC
+2r
1 1 1
sinA sinB sinC
—=sin A=sinB =sinC
= A=B=C
Problem:

If 0 is the orthocentre of a triangle if the forces of Magnitude P,Q,R acting along OA,0B,OC arc

in equilibrium . Such that E=%:£

a

c

Solution:




The Forces P,Q,R act at 0 and are in equilibrium by Lami’s theorem

If a triangle CBE

In a triangle BOD

In a triangle BCF

In a triangle COD

In BOC

P Q R

sinBOC _ sinCOA _ sin AOB

90+CBE +C =180°
CBE =180°-90-C
ICBE =90° —C|

90-C +90+BOD =180°

90+ B+ BCF =180°

BCF =90-B

90+90- B +COD =180°



sin BOC =Sin(B+C)
=Sin[180" - A |
sin BOC = Sin(A)

SinCOA = Sin(C + A)
= Sin(180° - B)
= Sin(B)

Sin AOB = Sin(A+ B)
=Sin(180° -C)
=Sin(C)

(1) Becomes,

P Q R
sinA sinB sinC

But sine formula

a b ¢
sinA sinB sinC

sinA:sinB:sinC=a:b:c

P_Q
a b

o |

Problem: S is the circum centre of a triangle ABC if forces of magnitudes P, Q, R acting along

SA,SB,SC are in equilibrium

Such that (i) ,P = .Q =— R
sin 2A sin 2B sin 2C

P B Q B R
a’(b’+c’—-a’) b’(c’+a’-b?) c*(@*+b*-c?)

(i)




Solution:

Part (i)
If the forces P, Q, R act at S are in equilibrium
By Lami’s theorem

P Q R
sin 2A sin 2B sin 2C

Part: (ii)
By sine formula

a b ¢
sin A sin B sin C

sinA:sinB:sinC=a:b:c
By Cosine Formula
1) ¢’ =a’+b*—2abcos ¢

a’+b?—c?
2ab

COSC =



2)

3)

c(a2 +b? —c2)

COSC =
2abc

a’ =b*+c*-2bccos A

b? +c%—a?
2bc

COsSA=

a(b2+c2—a2)

COs A=
2abc

b?=c?+a®*—2cacos B

c’+a’-b?
cosB=———
2ac
2 2 2
cosB:b(C +a°—-b)
2abc
(1) Becomes
P Q R
sin2A  sin2B sin2C
P 3 Q 3 R
2sin AcosA  2sinBcosB  2sinCcosC
P 3 Q B R
Z@)a(b*+c®—a?) Z(b)b(c*+a’-b?) Z(c)c(a’+b?-c?)
Zahc Zabc Zabc
P(abc) 3 Q(abc) 3 R(abc)
a’(b*+c*—a’) b*(c*+a’-b*) c*(@*+b*>-c?)
+ abc
P Q R

a2(b?+ci—a’) bi(cP+a’—b?) cl(a’+b’—c?)



